Abstract. We define and study the notion of a minimal Cohen-Macaulay simplicial complex. We prove that any Cohen-Macaulay complex is shelled over a minimal one in our sense, and we give sufficient conditions for a complex to be minimal Cohen-Macaulay. We show that many interesting examples of Cohen-Macaulay complexes in combinatorics are minimal, including Rudin's ball, Ziegler's ball, the dunce hat, and the non-partitionable Cohen-Macaulay complex of [5] . We further provide various ways to construct such complexes.
Introduction
In this work, we introduce and study the notion of a minimal Cohen-Macaulay complex. Fix a field k. Let ∆ be a simplicial complex. We say ∆ is minimal Cohen-Macaulay (over k) if it is Cohen-Macaulay and removing any facet from the facet list of ∆ results in a complex which is not Cohen-Macaulay. See Section 2 for precise definitions.
For the rest of the paper we shall write CM for Cohen-Macaulay. We first observe a crucial fact.
Theorem 1.1. Any CM complex is shelled over a minimal CM complex. (Theorem 3.2)
Thus, in a strong sense, understanding CM complexes amounts to understanding the minimal ones. We support this claim by demonstrating that many interesting examples of CM complexes in combinatorics are minimal. Theorem 1.1 also puts shellable complexes in a broader context: they are precisely complexes shelled over the empty one. Its proof relies on a simple but somewhat surprising statement (Lemma 3.1), which might be of independent interest.
Below is a collection of our main technical results which establish various necessary and sufficient conditions for a complex to be minimal CM.
Theorem 1.2. The following statements hold.
(
1) A minimal CM complex is acyclic. (Corollary 3.5) (2) Let ∆ be CM and i-fold acyclic. If no facet of ∆ contains more than i − 1 boundary ridges, then ∆ is minimal CM. (Theorem 3.6) (3) If ∆ is a ball, then ∆ is minimal CM if and only if it is strongly non-shellable in the sense
of [17] . (Proposition 3.10)
In Section 2, we give the formal definitions, provide background, and set notation. Section 3 contains the proofs of Theorem 3.2, Theorem 3.6, Corollary 3.5 and Proposition 3.10. In Section 4, we provide many ways to build new minimal Cohen Macaulay from old ones, such as gluing (Corollary 4.1, Proposition 4.3) and taking joins (Theorem 4.5). In the last section, we use our results to examine many classical and recent examples of Cohen-Macaulay complexes from the literature and show that they are minimal.
Background and Notation
Once and for all, fix the base field k. We let H i denote ith simplicial or singular homology, as appropriate, always with coefficients in k. We use χ for reduced Euler characteristic. Throughout this paper, we let ∆ be a simplicial complex of dimension d − 1 with facet list {F 1 , . . . , F e }, and we denote by ∆ F i the subcomplex of ∆ with facet list {F 1 , . . . , F i−1 , F i+1 , . . . , F e }. We write f i (∆) for the number of i-dimensional faces of ∆, and h i (∆) for the ith entry of the h-vector of ∆; so 
We use ∆ (i) := {σ ∈ ∆ : |σ| ≤ i + 1} to denote the i-skeleton of ∆, and we note that depth ∆ = max{i | ∆ (i−1) is CM}.
The following definition gives the main focus of this paper.
The following related concept provides an extension of the notion of shellability.
If Γ is a subcomplex of ∆ generated by facets of ∆, we say ∆ is shelled over Γ if there exists a sequence of shelling moves taking Γ to ∆.
We note that shellable complexes are exactly those which are shelled over ∅. We will use the following definitions in the later sections.
Definition 2.4. We say that ∆ is l-fold acyclic if lk ∆ (σ) is acyclic whenever |σ| < l.
Definition 2.5.
A pseudomanifold is a simplicial complex that is pure, has a connected dual graph, and every ridge is in exactly two facets.
Definition 2.6 (See [13] ). We say ∆ satisfies Serre's condition (S ℓ ) if ℓ = 1 or if ℓ ≥ 2 and
Finally, we recall Alexander duality and some of its features.
We now list the connection between several combinatorial properties and the corresponding properties of the Alexander dual ideal. : f ) is generated in degree 1, where f = i∈[n]−F x i is the monomial corresponding to F in I ∆ ∨ . Remark 2.9. We remark that this correspondence leads to a dual version of minimal CM: an ideal with linear resolution is minimal if removing any minimal generator results in one which does not have a linear resolution. While we won't pursue this point of view here, it was quite helpful to us; for instance, it suggested the original (algebraic) proof of Lemma 3.1.
Main Results
In this section we prove most of our main technical results regarding minimal CM complexes. We start with the following lemma.
For the convenience of the reader, we provide two proofs of this lemma, one combinatorial and one algebraic. We begin with the combinatorial proof.
Proof. The claim is clear if ∆ is a simplex, so we suppose this is not the case. Noting that ∆ is pure (since it satisfies (S 2 )), we want to show that F ∩ ∆ F is pure of dimension d − 2.
Let σ be a facet of
, and so ∆ is shelled over ∆ F .
We now provide the algebaric proof.
Proof. Set I = I ∆ F and let f be the monomial (of degree c := n − d) in I ∆ ∨ corresponding to the facet F . Then I ∆ ∨ = (I, f ) and we have a short exact sequence of graded S-modules
This exact sequence induces the following long exact sequence in Tor:
. By additivity of dimensions, it follows that the map Tor
But since ∆ satisfies (S 2 ), S/(I, f ) has linear first syzygy (see [16, Corollary 3.7] ), so Tor
. Hence it must be that Tor S 1 (S/(I : f )(−c), k) is generated in degree −c − 1. Thus (I : f ) is generated in degree 1, and the claim follows from Theorem 2.8 (3). Proof. Since ∆ is CM, it also satisfies (S 2 ). We can then apply Lemma 3.1 to conclude that, for every facet F of ∆, ∆ is shelled over ∆ F . If none of these is CM, then ∆ is minimal CM by definition. If not, we may continue this process to eventually reach a minimal one. Remark 3.3. It is not hard to see that a given CM complex can be shelled over two different minimal ones. For instance, let ∆ = K 6,2 be the complete two-skeleton of the simplex on 6 vertices, and let Γ be a triangulation of the projective plane on 6 vertices. Then ∆ is shellable and is also shelled over Γ. That Γ is minimal CM follows from Corollary 3.7.
Next, we aim to prove that minimal CM complexes are acyclic. This is accomplished by showing a more general result. 
r i F i where, without loss of generality,
its boundary remains, and so it follows that (3.1)
So (1) and (2) are now immediate, and it only remains to show (3). Suppose σ ∈ ∆ F 1 . Following from (3.1), we have (lk ∆ (σ)) (dim lk ∆ (σ)−1) = (lk ∆ F i (σ)) (dim lk ∆ F i (σ)−1) and so lk ∆ F 1 (σ) and lk ∆ (σ) have the same homologies except potentially in top degree. It follows that depth ∆ = depth ∆ F 1 .
Corollary 3.5. Minimal CM complexes are acyclic.
Proof. This is an immediate consequence of Lemmas 3.1 and Theorem 3.4.
While highly acyclic CM complexes need not be minimal CM (a stack of simplices is d − 2-acyclic but are shellable, so can never be minimal CM), one can provide some additional conditions under which they are. Theorem 3.6. If ∆ is an ℓ-fold acyclic CM simplicial complex and F is a facet of ∆ that contains no more than ℓ − 1 boundary ridges, then ∆ F is not CM. In particular, if every facet of ∆ contains no more than ℓ − 1 boundary ridges, then ∆ is minimal CM.
Proof. Let F be a facet of ∆, and let {R 1 , . . . , R j } be the set of boundary ridges contained in F . We define v i = F \ R i , and σ = v 1 . . . v j . Since ∆ is ℓ-fold acyclic with |σ| = j ≤ ℓ − 1 < ℓ, lk ∆ (σ) is acyclic. Furthermore, F \ σ has no boundary ridges in lk ∆ (σ).
We first note that
Since every ridge in F \ σ in lk ∆ (σ) is contained in some other facet of lk ∆ (σ),
This implies
Thus lk ∆ F (σ) has a negative entry in its h-vector, and so cannot be CM. In particular, ∆ F is not CM, so ∆ is minimal CM.
Setting ℓ = 1 immediately gives the following special case.
Corollary 3.7. If ∆ is an acyclic CM pseudomanifold, then ∆ is minimal CM.
We now consider the relationship between the minimal CM property and the strongly nonshellable property for balls. Strongly non-shellablility has been used quite frequently in the study of non-shellable balls (see e.g. [2, 8, 11, 12, 17] ). It is defined as follows: Definition 3.8. We say a ball B is strongly non-shellable if B F is a non-ball for any facet F ∈ B.
Remark 3.9. A strongly non-shellable ball is often defined (as in [17] ) as a ball B that does not contain a free facet, i.e., a facet F such that F ∩ ∂B is a ball of dimension d − 2. It's easy to see this definition is equivalent to the one we provide; it follows immediately from [17, Proposition 2.4 (iii)] that any ball with a free facet cannot be strongly non-shellable in our notion. On the other hand, if B F is a ball, then, as in the proof of Proposition 3.10, F ∩ ∂B is generated by the ridges not containing σ, so it must also be a ball. Proof. We first show (1) implies (2). Suppose B is minimal CM. Then removing any facet of B gives a complex that is not CM. This certainly can't be a ball, so B is strongly non-shellable. We now show (2) implies (1). Suppose B is strongly non-shellable. Let F be a facet of B. By Lemma 3.1, since B is CM, F ∩ B F is pure of dimension d − 2. Then the facets of F ∩ B F are exactly the ridges of F which are non-boundary ridges in B; label these R 1 , . . . , R m and let σ = m i=1 R i . Each ridge of F that is not in B F must then be in F ∩ ∂B, which cannot be a ball by [17, Proposition 2.4 (iii)]. Thus F ∩ ∂B must have a facet τ that is not a ridge of F . It follows that τ ∈ F ∩ B F . In particular, we have σ ∈ F ∩ ∂B. Now, note that
This shows that F \ σ is a facet of lk B (σ) which contains no boundary ridges of lk B (σ). Since σ ∈ ∂B, lk B (σ) is acyclic, so we may apply Theorem 3.6 to conclude that lk B (σ) F \σ = lk B F (σ) is not CM. Thus B F is not CM, and we are done.
Building New Minimal CM Complexes From Old Ones
In this section we provide several results which show operations such as gluing or taking joins can be used to construct new examples of minimal CM complexes.
We begin with results on gluing, starting with the following corollary of Theorem 3.6.
, and that Γ is acyclic and CM. Then
Proof. The assumptions and construction ensures that any ridge of ∆ = ∆ 1 ∪ ∆ 2 is contained in at least two facets. Thus we can appeal to 3.7.
For our next gluing result, we need the following dual notion of minimal CM.
Definition 4.2. We say ∆ is strongly CM if ∆ is CM and ∆ F i is CM for any i.
Proof. We have an exact sequence 0
is CM by the depth lemma. Now let F be a facet of ∆ ∩ Γ. Without loss of generality, assume F ∈ ∆. If F / ∈ ∆ ∩ Γ, then we have the exact sequence
Otherwise, F ∈ ∆ ∩ Γ, and we have the exact sequence
is not CM, completing the proof. We end this section by showing that the join of a minimal CM complex and another (not necessarily minimal) CM complex is minimal CM.
Proof. First we note that ∆ ⋆ Γ is CM. Let F be a facet of ∆ ⋆ Γ. We may write F = F ′ ⋆ G for some facets F ′ of ∆ and G of Γ. Since ∆ F ′ is not CM, there exists σ ∈ ∆ F ′ such that H i (lk ∆ F ′ (σ)) = 0 for some i < dim(∆) − |σ|.
We now show that L = lk ∆ F ′ (σ) and
With this isomorphism, we see that 
Examples
In this section, we consider some notable examples of CM complexes from the literature, and show that they are minimal CM. We expect that this is far from a complete list of minimal CM examples currently published.
A large class of minimal CM complexes are those that satisfy the conditions of Corollary 3.7. The following complexes fall in this class:
• Triangulations of RP 2n (over k of characteristic not 2) • The dunce hat • Bing's House with 2 rooms [7] • The pastry [3] The following are all strongly non-shellable balls, which are minimal CM by Proposition 3.10.
• Rudin's Ball [15] • B 3 16,48 , B 3 12,37,a , and B 3 12,37,b [12] • B 3,9,18 [11] • Ziegler's Ball [17] This next class of minimal CM complexes are constructible complexes which are not themselves balls. Each of these were verified to be minimal CM by applying Theorem 3.6.
• The complex C 3 in [5] , a non-partitionable CM complex • The complex C 3 in [10] , a balanced non-partitionable CM complex • The complex Ω 3 in [4], a 2-fold acyclic complex with no decomposition into rank 2 boolean intervals Each of these complexes is a counterexample to an associated conjecture in the literature; see the references for more details. They are each the result of gluing many copies of a CM complex along a CM subcomplex, a similar process to Proposition 4.3.
